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AMERICAN MATHEMATICAL SOCIETY. 


THE ELEMENTARY TREATMENT OF CONICS BY 
MEANS OF THE REGULUS. 


BY PROFESSOR CHARLOTTE ANGAS SCOTT. 
(Read before the American Mathematical Society, February 25, 1905. ) 


INASMUCH as projective plane geometry depends on prop- 
erties of space (since the theorem on triangles in perspective in 
a plane cannot be established by plane geometry without the 
use of metric concepts), there is no logical objection to the 
employment of space considerations in proving theorems of 
plane geometry. The regulus supplies extremely simple proofs 
of the properties of a conic, whether this be considered as a 
locus or an envelope; these proofs have the advantage of 
connecting the points of a conic and the tangents of a conic 
from thé first, instead of: leaving the connection to be proved 
later by an elaborate chain of reasoning. The method makes 
unnecessary also the treatment of the tangent as the limiting 
position of a chord when the determining points become indis- 
tinguishable, which is open to some objections in pure geom- 
etry ; not.on account of the assumption as to continuity, for 
this has already been admitted in the proof of the fundamental 
theorem of projective geometry, but with regard to elegance 
and directness of proof. This note contains the application of 
the method to the proofs of the theorems of Chasles, Brianchon, 
and Pascal, and of polar and involution properties. 

The regulus is the system of lines (rays) that meet three 
non-incident lines, the directors. By means of the funda- 
mental theorem of projective geometry it is proved that the 
regulus is crossed by a second regulus ; any three rays of either 
serve as directors of the other; through any point on a ray of 
either there passes a ray of the other. 
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Three directors, u, v,w, and three rays a, b, ¢ (that is, two 
incident triads of lines) give rise to an interesting figure on 
which the proofs depend. The pairs of lines au, bv, ew deter- 
mine points A, B, Cand planes a, 8, 7; the three planes meet 
in a point O, the three points lie in a plane w. The point 


and the plane that is, O and , are pole and 
v w 

polar. The pairs of points (bw, cv), (cu, aw), (av, bu), that is, 
b 


x", gel “x , lie on lines through O, namely, the lines 
vo w wu 


Sec cise ' 4.9% 

By, 4, a8 ; the pairs of planes meet in lines 
in @, namely, BC, CA, AB. The points are named as shown 
in Fig. 1, the planes are 
named to correspond, e. g., 
the point av is A’, the 
plane av is a’ ; the planes 
a’, B’, determine the 
point O’, ete. 

The triangles A’ B’C’, 
B’C" A” are perspective 
from O; A” B’C’, BCA 
from O'; ABU, B’C’A’ 
from O”. It is easily 
shown that O, O’, O” are 
collinear, @, @’, w” are 
coaxial; and that if the 
rays and directors are 
associated in the reversed 


order the three 


uvw 
new centres of perspec- 
tive lie on the axis of 
 «’ »”, and the axis of the new planes is 0 O’ O’. These 
facts, however, are not needed for the present purpose. 

It is at once seen that O, w are harmonic to the pairs of lines 
au, bv, ew, that is, to the two triads of rays a, b, ¢ and direc- 
tors u, v,w, hence to the complete system of transversals to 
a, b, (directors) and transversals to u,v, w (rays). This shows 
that the rays and directors intersect in pairs at points on @, lie 
in pairs (the same pairs) on planes through O; the two of a pair 
d, x thus associated are harmonic with regard to Oand. Any 
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chord through O joins a point on a ray d toa point on the 
associated director x, and is therefore divided harmonically by 
O, @. Moreover, if O be any point on a chord that meets a 
ray d and director x, then the point dx lies on the polar plane 
of O. 

Any line p, not a director, that meets one ray meets one 
other, but no more. For let p pass through A (i. e., aw); 
the plane pu meets v, w, at V, W; the line VW is therefore a 
ray, and is met by p. The only possible exception arises when 
VW is itself the ray a; then the line p meets the regulus at 
the point A only (or, the line p meets only one ray of the reg- 
ulus); p is a tangent line, and the plane a (i. e., aw), in which 
lie all tangent lines through the point A (i. e., au), is a tangent 
plane. The facts proved above as to the relation of O, may 
be stated in the form: The points of contact of tangent planes 


from the point ) lie on the plane 


uvw uvw 

In order that a tangent plane may contain a line q, it must 
contain any two points S, 8’ on the line; hence the point of 
contact must lie on both ¢ and o’, that is on a line q'; q, q’ 
are conjugate lines. Hence if there is one tangent plane through 
q, there is precisely one other, unless q’ is itself a ray or direc- 
tor, which happens only when gq is a ray or director, and then 
coincides with q. 

The ranges of points determined on two directors u, v by the 
rays a, b,¢,d, --- are sections of the axial pencil z.abed - - . (where 
x is any other director) by the transversals u, v; hence they are 
projective. The regulus is therefore the system of lines that 
join corresponding points of projective ranges on two non-inci- 
dent lines. Again, the axial pencils u.abed - - -, v.abed - - - have 
a common section by the transversal z, hence they are projec- 
tive. The regulus is therefore the system of lines determined 
by corresponding planes of two projective axial pencils whose 
axes are non-incident. 

Let the regulus be cut by a plane w; each ray is thus as- 
sociated with a particular director; the two, d, z, meet in a 
point D on @, and lie in a plane 6 (a tangent plane) through 
O. The projective axial pencils u.abed ---, v.abed --- are cut 
in projective flat pencils, centers A and B; hence the plane 
section of a regulus (which is a point system of the second 
order, since a line through A cuts one other ray) is the locus of 
the intersection of corresponding rays of two projective flat 
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pencils. Consider also the line system composed of the tangent 
lines in the plane @; these are the intersections of the tangent 
planes au, bv, ew, dx, ey, ete. by @, they are therefore the pro- 
jections of rays a, b, ¢, d, e, --- (or of directors u, v, w, x, y, ---) 
from O on @; call them a’, b’, c’, ---. Since the ranges 
u.abed ---, v.abed -.- are projective, their projections from O on 
@ are projective. Hence the lines a’, b’, c’, d’, --- in the plane 
w connect the corresponding points of projective ranges on the 
two tangents a’,b’; that is, the line system (which, by what 
has been said about tangent planes, is seen to be of the second 
order) is composed of the lines that join corresponding points 
of projective ranges. Moreover, as to the relation of the two 
systems: the flat pencil A.ABCD---in the plane = the 
axial pencil u.abed -- - = range v.abed --- = range v’.a'b'e'd’.-. 
in the plane w. Thus the section (aggregate of points and lines) 
has the property that the pencil subtended at any point A by 
the points C, D, E, F is projective with the range determined on 
any tangent 6’ by the tangents ce’, d’, e’, f’, which is Chasles’s 
theorem. The section will now be called a conic. 

Since the pencil determined by four points is projectively 


a 


Fig. 2. Fic. 3. 


the same wherever on the section its vertex may lie, and 
similarly for the range determined by four tangents, it is un- 
necessary to specify the vertex or base ; it is sufficient to speak 
of the four points or four lines. Since also the range de- 
termined by four rays on any director of the regulus depends 
only on the rays, it is sufficient to speak of the four rays. 
What has been proved above can be stated in the form: 
Four points of a conic are projective with the four rays, or 
four directors, that pass through them; four- tangents to a 
conic are projective with the four rays, or four directors, that 
pass through their points of contact. 


y b 
| 
| 
| 
G 
a 
| 
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If four rays a, b, c,d are projective with four directors u, v, 
w, #, their intersections are coplanar. For let y be the director 
through the point D in which the plane au, bv, cw (that is, 
ABC) meets d ; then the rays a, 6, c, d are projective with the 
points A, B, C, D, and these are projective with the directors 
u,v,w,y. Hence uvwr= 
uvwy, and y is therefore the 
same as 2. 

The polar properties follow 
at once from the harmonic 
relation borne to the rays and 
directors by O,@. A point 7 
in the plane @ has a polar 
plane 7, which by harmonic 
symmetry of the whole figure 
to Ow must pass through 0. ¢ 
The section of +t by @ is the Fie. 4. 
polar line of 7 with regard to 
the section considered, and it has already been shown that any 
chord through 7, and therefore a chord of the section, is har- 
monically divided by 77. Hence follows the usual quadri- 
lateral construction for pole and polar. 

To prove Brianchon’s theorem, take the six tangents as pro- 


Fie. 5. 


jections alternately of rays and directors, as shown in Fig. 2. 
ea ab 

meet at a point S; project- 

ing the figure from O on to @, we obtain three concurrent lines 

joining opposite vertices of the circumscribing hexagon. 


To prove the special cases of this theorem for the circum- 


be 
In space, the lines sy 
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scribing pentagon, quadrilateral, triangle, regard the necessary 
number of tangents (one, two or three) as projections of both a 
ray and a director, as shown in Figs. 3, 4, 5; the proof then 
applies without change, the point az being the point of contact 
of the tangent. 
To prove Pascal’s theorem, take alternately the rays and 
directors that pass through the six points, Fig. 6. The common 
bc ceca a8 
lines of the planes =<, , lie ina planc co; hence in 
gs’ 22s” 
the section by the plane @ the common points of the lines 
be 


b 
et F lie in a line, the line ow. The special cases 


22 
of this theorem, which arise when sides of the inscribed hexa- 
gon (one, two, or three) are 
~ replaced by tangents, require 
¥. no change in the proof. More- 
over, the same proof applies 
when the section by the plane 
@ consists of a ray and a 
€ director, that is, when the 
theorem to be proved becomes 
b Pappus’s theorem, that if the 
x vertices of a hexagon are 
Fie. 6. taken to lie alternately on 
two intersecting lines, the 

three intersections of opposite sides are collinear. 

It has been mentioned that if a chord meets d, x, the point dx 
lies on the polar plane of any point on the chord. Hence if 
chords of aconic, A,A,, B,B,, C,C,, ---, are concurrent in S, then 
A,B, C,D, = A,B,C,D, ; for let a,b,¢,d be the rays through 
A,, B,, C,, D,, and u, v,w, x the directors through A,, B,, C,, D,, 
and let the points au, bv, ew, dx (which are known to lie on o) 
be U, V, W, X. Then A,B,C\D, = abed = UVWX (in the 
section ¢) = wwwx = A,B,C,D,. This proof is unaffected by 
coincidence ; D,D, may be thesame as A,A,. Thus A,B,C\A, 
= A,B,C,A,. Conversely, if in the plane o A,B,C,A,= 
A,B,C,A,, the chords A,A,, B,B,, C,C, are concurrent. For 
since A,B, C,A, = abed, and A,B,C,A, = uvwx, we have abed 
= uvwz, and therefore by a result obtained earlier, the points 
au, bv, ew, dx lie ona plane o. Hence the planes au, bv, ew, 
dx meet in a point S. But the planes au, dx meet in a line in 
the plane , hence the point S lies in . Since then the planes 


| 
| 
| 
| 
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au, bv, cw, dx meet at a point S in , the section of these planes 
by « gives chords of the conic concurrent in S. Thus we have 
the theorem : If points of a conic are projectively paired, they lie 
on concurrent chords, which is the foundation of the theory of 
involution on a conic. 

For the sake of brevity, as little detail as possible has been 
given in this note, the design being simply to draw attention to 
this mode of proving fundamental properties of the conic. 


Bryn MAwR CuLLEGE, 
June, 1905. 


ARZELA’S CONDITION FOR THE CONTINUITY 
OF A FUNCTION DEFINED BY A SERIES 
OF CONTINUOUS FUNCTIONS. 


BY PROFESSOR E. J. TOWNSEND. 


(Read before the American Mathematical Society, September 7, 1905. ) 


§ 1. A FUNCTION defined by a series whose terms are con- 
tinuous functions may or may not be itself continuous. It 
may in fact be discontinuous at a set of points everywhere 
dense within the interval of definition. It is important to 
establish a criterion by which the continuity of such a function 
may be determined. Conditions which are sufficient, although 
not necessary, are to be found in any extensive work on cal- 
culus. Arzeld was the first to formulate a set of conditions 
which are both necessary and sufficient.* In his first dis- 
cussion of the subject, however, he was not sufficiently rigorous.+ 
A later and more rigorous development was given, differing 
from the first in some particulars.{ Still more recently he 
has revised his first set of proofs and maintains that they are 
now sufficiently rigorous to be valid.§ It is the purpose of 
this paper to present in substance the final results of Arzela’s 
investigations. 


*Intorno alla continuita della somma di infinite funzioni continue, 
Bologna, 1884. 

tSee Schoenflies, Punktmannigfaltigkeiten, p. 225, footnote. Also 
Arzela, Sulla serie di funzioni di variabili reali, Bologna, 1902, p. 6. 
{Sulla serie di funzioni, part 1, Bologna, 1899, p. 10 et seq. 
§ See Sulla serie di funzioni di variabili reali, Bologna, 1902. 
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Let us then define S (x) by the relation 
S(x) = u(x) + uz) +--+ + u(z)+--- +42), 


where u,(z) and hence S\(x) is a continuous function of x. 
Moreover, let us define f(a) by the equation 


L4,@), 


The interval of convergence of the series is then the interval 
of definition of the function f(x). The problem is to find a set 
of conditions which are necessary and sufficient for the con- 
tinuity of f(x) in a given interval (a, 8), equal to or less than 
the interval of convergence. 

With Arzela, let us consider this problem as a special case 
of the following more general problem. Suppose f(z, y) to be 
a function of the two independent variables x and y, defined 
for all values of x within the closed interval (a, 8) and for 


¥=(Y) Yo Yo Yo 


Yoo being a set of values dense at y = y,, but 
not including y,. Let f(x, y,) be a continuous function of x 
for each value y, included in the set (y). For y= y,, let 
J (x, y) be defined by the equation 


F(®, = Lf (2, y,)- 


The more general problem, which we shall now consider, is to 
find a necessary and sufficient set of conditions that the limit- 
ing function f(z, y,) shall be a continuous function of 2 in the 
interval a=x=B. If we put y,=1/n, n =1, 2, 3, ---, this 
reduces at once to the case of the infinite series given above.* 

§2. First of all, let us consider the necessary and sufficient 
condition that the limiting function f(x, y,) shall be continu- 
ous at a single point x, of the interval (a, 8). This condi- 
tion may be stated as follows : 


*The results given in this paper can be obtained, and perhaps more easily, 
without the introduction of the more general problem indicated. It is suffi- 
cient for this purpose to consider S,(z) asa function of the two variables 
z,nand to make of use the principles of ordinary convergence. Arzela’s 
method has been retained, not because it has any virtue in itself, but because 
it gives an opportunity to interpret more clearly his results at a point where 
he has been criticized. 


q 
eg 
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I. In order that the function f(x, yy), defined as in §1 yor the 
interval (a, 8), be continuous at any point x, in this interval, it 
is necessary and sufficient that to an arbitrarily small positive 
number o and to every y, sufficiently near y, there shall correspond 
a neighbor. ood of the point x,, which, however, may vary in ex- 
tent with y,, such that for every value of x in this neighborhood 


|f(2, Yo) ¥)| 


We shall first show that the above condition is necessary. 
Let us suppose then that f(a, y,) is a continuous function of x 
at the pointz=~2,. By virtue of the limit 


Yo) = JL L Y,)» 


there must exist a definite number y, of the set (y) such that 
for every y, of this set lying between y, and y,, we have 


(1) Yo) | < 


where o as elsewhere in this paper is an arbitrarily small posi- 


a xy Sy, Ly 
Yo 
Ys; 
Us 
Fie. 1. 


tive number. Because f(x, y,) is a continuous function of x for 
Y = Y%y we have also for some neighborhood of z,, say (2, — 8,5 
x, + 6,,), the inequality 


Likewise, because f(x, y,) is a continuous function of x, there 
exists a neighborhood (x, — 5), 2, + 5,,) on the line y= y, 
(Fig. 1), such that for every x within it 


10 ARZELA’S CONDITION FOR CONTINUITY. [Oct., 
Combining (1), (2), (3), we have 


which holds for every y, between y, and y, and for every x 
within a neighborhood (z,—d), z,+ d,,), where d), is the 
smaller of the two values 6), and 6), and d, is the smaller 
of the two values 6,, and 6, . 

The given condition may be shown to be sufficient as fol- 
lows. We have by hypothesis the inequality 


(4) (@, (2, Yo) | <9, 


which is valid for every value of x within a certain neighbor- 
hood, say (x, — 8’, 2, +). The existence of the limit 


Yo) = Lie Y, 


gives, for all values of y, from a certain definite value on, the 
inequality 


(5) \f (a4 Yo) —f (2; | 


By hypothesis, f (, y,) is a continuous function of x for each 
value of y,. Hence, for every x within a certain neighborhood, 
say (x, — 8}, x, + we have 


(6) IF (@ y)| 
By combining the inequalities (4), (5), and (6), we have 


Y) —F Y)|<3e, 


which holds for all values of x lying within the smaller of the 
two neighborhoods (2, — 8’, x, + 8) and — 8}, x, + This 
inequality establishes the continuity of f(x, y,) at the point 
x =, as the theorem requires. 

§ 3. Let us now consider the necessary and sufficient condi- 
tion that f (x, y,) shall be a continuous function of x through- 
out the closed interval (a, 8). This condition Arzela states 
in substance as follows : 

II. In order that the function f (x, y,) defined as in §1 be 
continuous throughout the interval-a=x = 8B, it is necessary and 
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sufficient that to an arbitrarily small positive number o and to an 
arbitrary y, + Y,, there shall correspond a positive number | and 
a finite set of values 


Y = Yor Ys, 


lying between y, and y,, for which the following condition holds : 
On lines y = y,(t = 1, 2,---, p), it shall be possible to choose a 
series of segments, each of length at least equal to 1, whose pro- 
jections on the line y = y,, when taken together, completely cover the 
interval a=x2 = 8, and for which, furthermore, the relation 


holds, (x, y,,) being an arbitrary point on any one of these 


It may be shown as follows that this condition is necessary.t 
Let us assume then that f(z, y,) is a continuous function of x 
throughout the interval a=x=8. By virtue of theorem I, 
there exists for any x’(2=x’=8) and for each y, sufficiently 
near y, a neighborhood (a’ — 8), x’ + 5,), which may vary 
with y, but always, however, in such a manner that for each 
value of x within it the inequality 


(1) (@, Yo) —F ¥,) | <¢ 


is valid for any previously assigned positive value of o. In 
this discussion Arzela distinguishes between that part of the 
neighborhood to the right of x’ and that part lying to the left. 
Let us denote these two parts of the neighborhood by A (x’, y,) 
and A’(x’, y,) respectively. These two parts may or may not 
be of the same magnitude. In other words, having chosen an 
arbitrarily small positive number o and a y, at pleasure, we 
may then select any value x’ of the interval (a, 8), end points 
included, and there will exist upon some line y = y, lying be- 
tween y = y,and y = y, a neighborhood of magnitude A (z’, y,) 
to the right of x’, such that for every x within it the inequality 
(1) is valid. Let us now consider A (x’, y,) for all values of y, 
included in the set (y) and lying between y, and y,.. For some 
of these values of y,, A(x’, y,) may be zero, and consequently 


*In his statement of the theorem, Arzela does not say that the given in- 
terval shall be closed. This, however, is necessary. 
+See Sulle serie di funzioni, Bologna, 1899, p. 17, et seq. 
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for these particular values of y, no neighborhood exists to the 
right of x’ for which the above inequality holds. It may 
happen that for some values of y, lying between y, and y, this 
inequality does not hold even for x’ itself. However A(z’, y,) 
cannot be zero for all values of y, lying between the above 
limits unless x’ is the extreme point 8; for we know that 
when y, is taken sufficiently near y, A(x’, y,) is always greater 
than zero. Having selected x’, there may exist for any par- 
ticular y, a great variety of values which might be taken as the 
corresponding A(x’, y,). In what follows, let us understand 
by A(z’, y,) the upper limit of all these values. This magni- 
tude A(x’, y,), regarded as a function of y, for all values of y, 
between y, and y,, has an upper limit greater than zero, pro- 
viding «’ is different from 8. Such a superior limit is there- 
fore definitely determined for each value of x’, o and y, having 
been previously selected. Let us denote this upper limit by 
A(z’). In the same way, consider that part of the interval 
(x’ — 8), x + 8,) lying to the left of x’, and denote by 
A’(x’) the corresponding upper limit, which must likewise’ be 
different from zero for x’ different from a. 
Consider now the sum 


A’(x’) + A(z’). 


This sum is uniquely determined for each value x’ of x, where 
a=zx=8. Asa function of z, it has a lower limit which we 
shall now show to be greater than zero. Denote this lower limit 
by /. There must exist then in (a, 8) at least one point, in every 
neighborhood of which the lower limit of A’(a) + A(a) is/. Let 
x, be such a point. For the point 2, itself, we have the value 
A’(x,) + A(a,), which is certainly greater than zero. Among 
the values of (y) included between y, and y,, there is at least 
one, say y,, for which the magnitude A(z,, y,) of the neighbor- 
hood to the right of z,, within which for each value of x we have 


is as near A(x,) as we may choose. In the same way, there 
exists a y, which may be equal to or different from y,, such 
that the magnitude A’(2,, y,) of the neighborhood to the left of 
x,, Within which we have for each value of x 


| ¥,)| <2, 


is as near A’(z,) as we choose to make it. 


pee 
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On the line y = y,, consider the sub-interval 
(=, 4 Meg), 


For every value x’’ included within this interval, there exists 
the neighborhood (Fig. 2) 


or the neighborhood 
A’(a,, ¥, 
(« = x), 
according as x’’ is to the right or to the left of z,, such that for 


B 


x, +A(x,,y,) 


x, — Y,) 


Fic. 2. 
any value of 2 within these neighborhoods we have either 
Yo) ¥,) | 


Consequently, for every value 2’’ the corresponding value of 
A’(x) + A(x) is greater than the smaller of the two numbers 


or 


A'(xy Y,) ¥,) 


The lower limit of A’(x) + A(z), namely J, must then be 
greater than or at least equal to the smaller of the same two 
numbers. But we have already seen that these numbers can be 
made to differ as little as we choose from 
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A(z) A@) 


respectively, and these latter are certainly greater than zero. 
Hence we have in any case 


Since the lower limit of A’(x) + A(x) for a=x2=8 is greater 
than zero, it can be shown that a finite number of segments of 
the lines lying between y = y, and y = y, can be found fulfill- 
ing the requirements of the theorem. The projections of these 
segments upon y = y, may, and in general will, overlap. That 
a finite number of them is sufficient in order that the sum of 
their projections shall completely fill the interval (a, 8) may be 
shown by considering the end points of those parts which the 
projections contribute to the sum. If there are an infinite 
number of such points, then there must exist on the line 


Ys. 

H 
Ys 


Fig. 3. 


y = Y at least one limiting point of the corresponding values 
of x. This, however, can be avoided by the proper selection 
of the segments. For, let x, be such a limiting point. As 
we have seen, the value of A’(x) + A(x) for x = x, is at least 
equal to /. Hence by the proper selection of a segment, we 
have for x, a neighborhood on y = y, equal to or greater than / 
which is entirely free from the end points mentioned above, 
and this is contrary to the supposition that they must of neces- 
sity become dense at some point. 


- 
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It follows then that having selected an arbitrarily small 
positive number o and a y, at pleasure, we may choose a num- 


ber 7> 0 and lay off on the lines 


Y Yorr ** 


(Yo,» Yor *** Ye,) being taken between y, and y, a finite number 
of segments fulfilling the requirements of the theorem. In case 
any segment extends beyond the given interval (a, 8), we take 
only that portion of it which falls within (a, 8). 

The condition given by the theorem is also sufficient. To 
show this, let us suppose this condition fulfilled, and show that 
J(,¥y,) is a continuous function for the interval a=x=8. 
Let x, be any value of x within this interval and let y, be any 
value chosen from the set (y) dense at y,. If we assign to y, 
any particular value, say y,,, then by hypothesis there exists a 
finite number of segments of lines lying between y = y,, and 
y = y, fulfilling the condition of the theorem. Upon some one 
of these lines, say y = y,,, there exists for x, a neighborhood for 


which 
(@, 4) —f(x, <9. 


Again, if we put y, = y,,, where y,, lies between y, and y,, 
there must exist a finite number of segments of lines lying 
between y = y,, and y = y, likewise satisfying the condition of 
the theorem. “Upon some one of these lines, say y = y,,, there 
exists for x, a neighborhood for which 


—F(@, %,)| << 


Continuing in the same manner, we obtain for x, an infinite 
succession of neighborhoods each point of which satisfies the 


inequality 
— F(® <9 
where T, 7%, =y,- These successive neighborhoods may vary in 


extent with y,,, but from some point on they are all different 
from zero. The condition of theorem I is therefore satisfied 
for the point x = x, and consequently f(x, y,) is continuous at 
that point. But 2, was any point of the given interval 
a=x2=8, and hence f(x,y.) is continuous throughout the 
interval. With this, the demonstration is completed. 


' 
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§ 4. As we saw in §1, the representation of a function by 
means of an infinite series of continuous functions may be 
regarded as a special case of the problem considered in §§ 2, 3. 
Theorem I, giving the necessary and sufficient condition that 
the limiting function shall be continuous for the value x = x, 
becomes the following for the case of infinite series. 

I’. Given an infinite series 


+ + u (2) 


whose terms are continuous functions of x for the interval 
a=x 58, and which converges for every value of x within the 
same interval. In order that the function f(x) defined by this 
series be continuous at a point x, of the given interval, it is neces- 
sary and sufficient that for an arbitrarily small positive number 
and for every value of n greater than a sufficiently large number 
m there shall exist a neighborhood, which, however, may vary in 
extent with n, such that for every value of x within it we have 


— S,@)| =| B,@)i<¢, 


where S, (x) denotes the sum of the first n terms of the series and 
R (x) is the remainder. 

From theorem II we obtain the necessary and sufficient con- 
dition that f(x) shall be continuous throughout the given in- 
terval a=x=B8. This condition may be stated for the in- 
finite series as follows : 

II’. Given an infinite series of continuous functions which 
converges toward a limit f(x) for each value of x within a definite 
interval a=x=8. In order that f(x) shall be continuous 
throughout this interval, it is necessary and sufficient that for an 
arbitrarily small positive number o and for any integer m, there 
shall exist another integer m,> m, such that for some integer m 
lying between m, and m, we have 


| f(x) — S,(z)| =| «S258, 


where, however, m may change its value a finite number of times as 
x varies from a to B. 

When we regard x and 1/n as the rectangular codrdinates of 
a point in a plane, the above theorem may be stated more clearly 
perhaps as follows, where we make the same assumptions as 
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before concerning the nature of the terms of the infinite series 
and its convergence. 

II’. An arbitrarily small positive number o and an integer 
m being chosen entirely at pleasure, then in order that f(x), defined 
as above, shall be continuous throughout the interval a=x=B, 
it is necessary and sufficient that there shall exist a finite number 
of segments of the lines 


N=M+P,, M+ 


fulfilling the following conditions: The sum of the projections of 
these segments upon the x-axis shall fill the entire interval a=x= Bf, 
and every point («, 1/n) of these segments shall satisfy the inequality 


|f (2) — 8, (@)| =| B,@)|<e. 


Theorems IT’, II’’ introduce a kind of convergence of infinite 
series which Arzela has called uniform convergence by segments 
(convergenza uniforme a tratti), although sub-uniform conver- 
gence seems a more appropriate name.* It differs from ordinary 
uniform convergence in that for uniform con vergence each segment 
must fill the entire interval in question, and, moreover, such a 
segment must be present for every value of n greater than some 
given integer. As we have seen, neither of these conditions has 
to be fulfilled for the case of sub-uniform convergence. In fact, 
a series might converge sub-uniformly in a given interval and 
yet not be uniformly convergent in any sub-division of that 
interval, however small. 

On the other hand, sub-uniform convergence differs from the 
simple uniform convergence (einfach gleichmiissige Convergenz) 
introduced by Dini.t While Dini’s simple uniform convergence 
is like sub-uniform convergence in that it does not require that 
the segments mentioned in the theorem shall be present for all 
values of n from a certain point on, it differs from sub-uniform 
convergence in requiring that these segments shall each fill the 
entire interval in question. From these considerations it fol- 
lows that when we have uniform convergence of a series in the 
ordinary sense, or simple uniform convergence in the Dini sense, 
the series converges sub-uniformly in the Arzela sense. The 
converse, however, is not true. Since sub-uniform convergence 
is the necessary and sufficient condition for the continuity of 


~ * See also Moore: BULLETIN, vol. 7, March, 1901, p. 257. 
t See: Grundlagen, etc., p. 137. 
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the limiting function, it follows from what has been said that 
any series which converges uniformly or simply uniformly 
defines a continuous function, provided the terms of the series 
are also continuous functions within the given closed interval. 
The distinction between these various kinds of convergence 
is illustrated by the following examples. 
1. Let f(x) be defined by the series 


0525}. 
We have then 


82) = » 


If now we select o arbitrarily small, we can determine a value 
of n, say n,, such that for n > n, we have 


| R,@)|<e¢ 


for all values of x for which the series is defined. In other 
words, if we consider any of the points on the lines given by 
putting 

n=n, +1, n,+2,--- 


the above inequality holds for all values of x within the given 
interval. The series converges uniformly therefore within this 
interval. We have also simple uniform convergence, since 
the projection of each of these segments upon the 2-axis fills 
the entire interval O= x=} and the corresponding values of 
n from a set dense at infinity. Moreover, the series converges 
sub-uniformly ; for it is at once evident that the conditions of 
theorem II’’ are satisfied. 

2. Given the series whose terms are formed in accordance 
with the following law : 


“am—1 = + (1 — may? 


(m + 1) + [1 —(m + 


(m = 1, 2,3,---; —}= a 


= 
| 
. 
| 
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The series converges for all values of x within the given in- 
terval and gives 


Sz) = + — 2 
When n is odd, say of the form 2m — 1, we have 


BAe) =°. 
Hence for all odd values of n, however large, we have 
| <<. 


On the other hand, when n is even, say of the form 2m — 2, 
we have 


a x x 
As n takes increasing even values, it is impossible to find any 
integer beyond which for all such values of n, and for all values 
of x within the given interval, the inequality 


shall exist when we choose a<1. This follows from the fact 
that the values of i{#,(x)| approach 1 along the line x = 1/m 
as n approaches infinity. Hence for ¢ <1, those segments 
which fill the entire interval — 4 =2 5}, and “for each point of 
which the above inequality is valid, can exist only for odd 
values of n. These values of n are, however, dense at infinity. 
Hence we have simple uniform convergence, but not ordinary 
uniform convergence. However, the conditions of theorem II’’ 
are satisfied and the series converges sub-uniformly. 
3. Given the series, the sum of whose first n terms is 


S(x) = —1lS2=+41 


nx 
1 + nx’ 


This series converges for each value of x within this interval 
and gives 


= 
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For any finite value of n, S() at one point on the line x = 1/n 
is equal to } and at one point on the line x = — 1/n is equal to 
—}. Hence, for o < }, there are no segments filling the entire 
interval (— 1, + 1) such that for each point of them we have 


|R,(@)| 


It follows that the series does not converge uniformly in the 
given interval, nor do we have simple uniform convergence. 
However, the series does converge sub-uniformly ; for we may, 
for any arbitrary o, select the required segments as follows. 

First of all, consider the series for values of x in the neigh- 
borhood of x =0. For x= 0, we have 


f0) = LS,(0) = 0. 


Hence there exists a definite value of n, say n =1,, such that 
(1) |A0) — 


Because S (x) is continuous in x, there exists upon the line 
n =n, an interval (0 — 6, 0 + 6),) such that for every value 
of x within it, we have 


(2) | $.,(0) — 8,(2)| <5 


Moreover, since f(x) equals zero for all values of x within the 
given interval (— 1, + 1), we have for all values of x under 
consideration the inequality 


@) — £0) | <3- 


By combining the inequalities (1), (2), (3), we obtain the 
following relation 


(4) |f(@) — | = | 


which holds for all values of z within the interval (0 — 6,, 
0 + taken on the linen =n,. Excluding this sub-interval 
from consideration, the given series converges uniformly through- 


a) 
n= 
‘ 
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out the remaining portion of the interval (—1, +1). Hence, 
for the same value of o, we can find on some line n= n,, 
n, >n,, a segment filling the entire remaining part of the given 
interval which lies to the right of x = 5,, such that at each 
point of this segment the inequality 


| 
is valid. For the same reason, we can find on some line 
n=, n,>n,, a segment filling the remaining part of the 


given interval to the left of the point « = — 6,,, such that for 
each point of this segment the above inequality holds. 


+1. 


In 
Fig. 4. 


The three segments taken together satisfy the conditions of 
theorem II’, and hence the series converges sub-uniformly in 
the interval — 1=27=1. 
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GALOIS FIELD TABLES FOR p* = 169. 
BY DR. W. H. BUSSEY. 
(Read before the American Mathematical Society, September 7, 1905). 


Every field of a finite number of marks may be represented 
as a Galois field of order s=p", where p" is a power of a 
prime. The GF[p"] is defined uniquely by its order, and is 
therefore independent of the particular irreducible congruence 
used in its construction. In each of the following tables the 
GF[p"] is constructed by means of a primitive irreducible 
congruence which appears at the top of the table. The 
marks of each field are arranged in two tables. In each table 
each mark appears as a power of a primitive root i, and also 
as a polynomial in i of degree k =n—1. The coefficients in 
this polynomial are integers reduced modulo p. The mark 
At + Di+ E, A + Ois denoted by AB--- DE, 
a symbol consisting of its detached coefficients in order. Zero 
coefficients must not be omitted. This is the usual symbol for 
a positive integer in the notation of the number system whose 
base is p. In the first table the marks are arranged according 
to ascending powers of i. In the second table the marks are 
arranged so that the symbols AB--- DE represent the positive 
integers in natural order. By means of these two tables it is 
possible to perform with ease the operations of addition, sub- 
traction, multiplication and division, within the field. 

For an exposition of the Galois field theory, see Dickson’s 
Linear Groups, pages 1-54; Jordan’s Traité des Substitutions, 
pages 14-18, pages 156-161; Serret’s Algebre supérieure. 
For other references on Galois fields and higher irreducible 
congruences, see the preface to Dickson’s Linear Groups. 


Example 1. Simplify (7 + 7*)(? + 3i + 4), i being a primi- 
tive root of the GF 4 af 

From the first table for GF[7’], 7 = 6i + 1, i* = 3i + 3, 

Therefore 7 + = 914+ 4=2i+4 (modulo 7)=7 (by 
second table). 

Also ?+3i+4=4i1+ 8=4i+1 (modulo (by 
second table). 

Therefore (7 + 4314+ -i? (by 
first table). 
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4 339 
Example 2. Simplify — i being a primitive 


32 

root of the GF[5*]. 

From the first table for = 3? +31, 7? =37? +1 
+1,i%=3i+1, =i” = 31? 

Thereforei™ 4317 = 3i*+ 314+ = 12i? + 62 
+3 = 3 (mod. 5) =i" (by second table). 

Also 21% — 31° + 2 = 2(31 + 1) 4+ + 41 4+ 4) 4+ 2= 97? 
+ 181 + 16 = 4i? + 31 + 1 (mod. 5) =i™ (by second table). 

Therefore 


qu 17? 


Example 3. Simplify sayy , t being a primitive 
root of the GF[117]. 

Pte the first table for GF[117], i* = 6 + 2, i7 = 91 + 2, 

= 21+ 3, = 31 + 3. 

i’, because — 10 = 1 modulo 11 ; and 2/1” 
= 2i* because i = 1. 

Therefore — 10i7 + 4 = (61 + 2) + (914+ 2) + 4= 15% 
+ 8 = 4i + 8 (modulo 11) = i® (by second table). 

Also 4+ 2/i'” = 3) +2 3) = 81+ 9= i™ (by 
second table). 

Therefore 


j 202 
497 = = = 8i + 9 (by first 


table). 


GF (2), ®=i+1, modulo2. i =ai?+ fi+y. 


First TABLE. Sreconp TABLE. 


— 384 = (by first table). 
| 

1 E 

2 1 0 

3 

4 1 | 1 

5 1 1 

6 1 0 
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GF[3?], @=i+1, modulo3. A—ai+f. 


First TABLE. 


Sreconp TABLE. 


GF[2*), i#=i+1, modulo2 yit+ 4. 
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GF [5?], =2i+ 2, modulo 5. 
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GF[3*], =i+ 2, modulo 3. 
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First TABLE. 
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GF(2*], ®=2+2+i+1, modulo 2 * =ait + + di+e. 
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GF([2*], ®=i+1, modulo 2. 
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First TABLE.—Continued. 


SS N 


— 

| 64 | 
| | 67 
= | 
| 73 
| | | | 2| | 
| Se. | 
| 72 | 1 
Bay 
Sreconp TaBLeE. 
80 
40 | | | 
1 | 
66 | 46 
72 | 54 | 
41 | 3 | 
32 | | 59 
| 76 | 
58 | | 21 | | | 
64 | | ‘| 65 | | 
62 | | 31 | 
42 | | 4 | | | 
18 74 
5 49 | | 
33 | 48 | | | 
69 | | 53 
12 | || 7 | 
27 | | | 
22 


| 

| 


[Oct., 


a SAD OO AAM AS Wi IAW 
SL 


«| SSSRRRSSR* 


3 


<| 


77 


First TABLE. 


| DADRA OS mi 


Second TABLE.—Continued. 
| 


KF | 


Qa 


GALOIS FIELD TABLES. 
GF[8*], = 2i9 + modulo 3. 


«| 


GF[11?], =4i+ 9, modulo 11. 


«| 


| 


30 


a 

| 

| 

| 
| 
| B | | 
| 
5 || 
| 
| 4] 
| 
6 | 
| 5 | 
| 8 |i 
| 
} | 
6 
| 2 || 
5 

| 5 
(10 | 

| 8 
1 | 
1 

5 | 
| 0 
i 
| 3 || 
| 4 i| | 

| 10 || 
110 |} 
| 9 | | 
| 5 | 


& 
a 
< 


=ai+s. 


4i+9, modulo 11. 


? 


WWW WWW WDD 


«| 


«| 


«| 


a? + pi+y. 


GF[5*], ® =2i +3, modulo 5. 


First TABLE. 


OH 


a) 


HOS OO NHN 


Sl HOD NI OD OD 


»| 


1905.] 31 
Sreconp TABLE. 
1a || 67| 9 | 6 3 
2 || 110 | 10 | 7 4 
3 || 97 | 0 | 8 5 
4 1 | 9 | 6 
5 || 2 | 10 | 7 
6 || 3 | 0 8 
7 || 4 | 1 9 
8 || 5 | 2 10 
9 || 6 | 3 0 
10 || 7 | 4 1 
0 || 8 | 5 2 
| 1 || 9 | 6 | 3 
| 2 || 10 || 7 4 
| 3 || 0 | 8 5 
I 4 || 1 | 9 | 6 
5 || 2 | 10 | 7 
6 || 3 | 0 | 8 
| 7 || 4 | 1 | | 9 
65 8 ! 5 | 2 10 
66 9 || 6 | 3 || 61/10 | 0 
| 55 10 | 7 4 |/115|10 | 1 | 
13 0 | 8 5 || 6/10 | 2 
9 1 || 9 | 6 || 5/10 | 3 
39 2 | 10 | | 7 || 11}10 | 4 
83 3 || 0 || | 8 | 57 | 10 | 5 
7 | f | 4 1 || 9 || 38/10 | 6 
77 | | 5 || 2 || 10 || 40/10 | 7 
92 | | 6 | 3 | 0 || 2|10 | 8 
78 | | 7 4 | 1 || 118}10 | 9 
s | 5 || 2 || 87/10 | 10 
| | | | | a ‘ | | 
| 13 | 2 | 
|} 14 | 
| 15 3 | 
16 i] 
17 
| 18 | 
|| 19 
|| 20 
|} 21 3 
22 | 
23 | 
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SECOND TABLE. 
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32 | 1 
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108 | | 0 
91 | { | 0 
70 | 0 
58 | | 1 
38 | 
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47 i 1 
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95 1 | 
68 1 
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2/1/11 | 2% |12/12 | 50 | 2] 5] 7 | 8] 12 
3 (12/11 || 2 2 || 61 | 74] 10 
4|10| 2 || 2 4 52 | 8/12 || 7% | 4| 12 
5 |12| 6] 9 4/0] 5 
3 |4/5 5 wis! 7 
7/17/31) 3 19/5] 5] 5) 8] 7 | 2| 10 
8 | 10/12 || 32} 1/8] 5 | | 34 80 | 12 9 
9/9/61] 3 | 9/11 | 57} 3| of s1 | 8] 2 
10 | 2; 8} 58 | 3] 82 10 
11 9 || 35 | 2 58 10 | 7 || 83 | 7 
13/12] 1 || 37 }10/11 || 61 5 || 85 | 
14 2 || 38 8| 6 | 62 | 6] 86 

| 2/0) 39 | 1/10} 68 | 8) 9 || 87 
16 | 2! 9 | 40 | 11 | 64 | 4110 || 88 

7/11 | 9] 41) 9] 4] | 1] 5] 89 | 

7| 4 42 | 8 || 6 | 6/11 | 90 | 
19 11/12) 43 | 8/ 0} 67 | 4] 1] | 

2 44 | | 68 | 5 5 || 92 | 

21 1) 6 || 4 | 5/10 || 6 | 10] 3 || 93 | 

2 | 2) 7 6 | 94 
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GF [137], # =i +11, modulo 13. *=ai+ 
First TasBLe.—Continued. 
A a B | A a B | A fa B i x a B 
97 | 1/12 || 115 | 4] 8 133 | 9 | 2 || 151 12 
98 11 || 116 | 12 | 5 || 134/11 | 8 || 152) 8 
99) 11 | 0 || 117 | 4] 2 | 1385 | 6 | 4 || 153 | 3 | 10 
100 | 11 | 4 || 118 | 6 | 5 || 136 | 10 | 1 || 154 7 
101 | 4 || 119 | 11 | 1 || 137 | 11 | 6 155 | 7] 0 
102 | 6 | 9 || 120 |12 | 4 || 138 | 4] 4 || 156 | 7 | 12 
108 | 2| 1 || 11 | 3 | 2 | 139) 8 | 5 | 157 | 6 | 12 
104) 3 | 9 || 122 | 5 | 7 | 140 | 10 || 158 | 1 
105 | 12 | 7 | 123/12 | 3 || 141/10 | 0 || 159) 6 | 3 
106 | 6! 2 || 1244 | 2! 2 || 142/10! 6 || 100) 9! 1 
107 | 8 | 1 || 125 | 4] 9 || 143] 8] 6 || 161/10] 8 
1088 9/10 126 5 || 144 9] 7 || 1622) 5| 6 
109 | 6| 8 | 127| 145 | 3! 168/11] 38 
110 | 1/ 1 128 | 5 | 8 146/11 | 7 || 164] 1) 4 
111 | 2/11 |} 8 | 3 || 147] 5] 165) 5] 
112 | 9 | 130/11 10 | 148 | 9 | 3 | 166 | 3| 3 
113 | 9| 0 || 131 | 8 | 4 || 149/12 | 8 || 6| 7 
114 | 9 | 8 || 132 | 12 |10 || 150 | 7 | 2 || 168 1 
Seconp TABLE. 
e |e «| @ 
168 2] 0] 52] 3/12 1165 | 5] 11 
14 2 || | 2 1 29 | 2 | 5 | 12 
56 3/14} 2/2] 67; 4/1] 71/16] 
126 5 || 101 | 2] 4 || 4] 3 106] 6] 2 
70 6 || 50| 2] 5 || 1388] 4] 4 159] 3 
154 7 || 6 | 2/6 80| 4] 5 13] 6] 4 
42 53 | 2 6 | 4| 6] 6] 
112 9 || 10} 2] 8] 9] 4| 12] 6] 6 
140 |10 |} 16| 2] 9 | 15) 4] 8 | 167) 6| 7 
98 11 || 79 | 2/10 || 125 | 10 | 6] 8 
84 12 || 111 | 2] 11 || 64] 102| 6| 9 
1/1] 0]/ 3 | 49} 4/11 || 91] 6] 10 
10 | 1] 8] 4/12] 6] 6] 11 
s7 | 1] 2 || 92] 3 | 1 || 127] 5 | oO 157] 6} 12 
48 | 1| 121] 3| 2] 168 | 5] 1 || 155 | 7] 
6} 4/128 5/3] 2 
39 | 1 7 || 148} 3/6] | 5| 5] 18| 7| 4 
8] 58) 3| 162) 5/6 7) 5 
33 | 1] 9 || 145 | 8 || 122| 8] 7] 6 
39} 1/10 || 108! 3] 5] 8] 7) 7 
2/1/11 | 153 | 47/5) 9] 34/7] 8 
9711112 || 4 5!10 511 7! 9 
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GF[13?], 2=i+11, modulo13. *®=ai+. 


Seconp TABLE.—Continued. 


a leles a «| a |e || a B 
| | 
75 | 7 | 10 || 160 9 | 1] 61 | 10) 5} 17] 11 9 
22 | 7/11 || 133 | 9 | 2 142 | 10) 130 | 11] 10 
156 7/1214 | 9; 3) 59 | 10) 40] 
| 8] 41 9 | 4 || 161 | 10 | 19 | 11| 12 
s1}8|2i 82 10] 13] 12] 1 
1299 | 8 | 8 144 | 9] 71) 87 10 11 | 86 ; 12 2 
131 | 8 | 4/114 | 8 || 8 | 10] 12]| 123] 12] 8 
139 | 8/ 5 | 54 | 9 | 99 | 11] 120] 12) 4 
38 | 8 | 6 || 108 | 9 | 10 119 | 11) 116 | 12) 5 
73 | 2 | 5 | 12] 6 
152 | 8 | 8 || 151 9 {12 | 163 | 11| 105 | 12] 7 
63 | 8; 9 | 141 ;10 0 || 100 | 11] 149] 12; 8 
44 | 8/10 || 136 |10| 94 | 11] 80] 12! 9 
9 8/11 4 2 137 | 11] 182] 12] 10 
74 | 8/12 69 8 11] 7H] 38 | 12] 11 
13 | 9/10} |101 4184 | Si 
NOTES. 


THE July number (volume 6, number 3) of the Transactions 
of the AMERICAN MATHEMATICAL Society contains the fol- 
lowing papers: “Sur les lignes géodésiques des surfaces con- 
vexes,” by H. Porncaré; “The classification of quadries,” by 
T. J. Va. Bromwicu ; “On differential invariants,” by J. E. 
Wricut ; “Groups of order p”, which contain cyclic subgroups 
of order p™—*,” by L. I. Nerkrrk ; “On the invariant sub- 
groups of prime index,” by G. A. MILLER; “On a general 
method for treating transmitted motions and its application to 
indirect perturbations,” by E. W. Brown ; “On hypercomplex 
number systems,” by L. E. Dickson ; “A theorem on finite 
algebras,” by J. H. MacLAGAN-WEDDERBURN ; “ The relation 
of the principles of logic to the foundations of geometry,” by 
J. Royce; “On multiple integrals,” by J. Prerpont. 


Tue July number (volume 27, number 3) of the American 
Journal of Mathematics contains: “ Deduction of the power 
series representing a function from special values of the latter,” 
by G. W. H1ti; “On the definition of reducible hypercomplex 
number systems,” by S. Epsteen and H. B. Leonarp; 
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“ Quintic curves for which p = 1,” by P. Freitp; “ Classifica- 
tion of the surfaces of singularities of the quadratic spherical 
complex,” by C. L. E. Moore; “Subgroups of order a power 
of p in the general and special m-ary linear homogeneous groups 
in the GF[p"],” by L. E. Dickson. 


THE concluding (July) number of volume 6 of the Annals 
of Mathematics contains: “On the real elements of certain 
classes of geometrical configurations,” by L. E. Dickson ; 
“The continuum as a type of order; an exposition of the 
modern theory, I-IV,” by E. V. Huntineaton; “On inte- 
grating factors,” by P. SaureL; “Concerning series of ana- 
lytic functions,” by M. B. Porter. 


THE conference of associations of teachers of mathematics 
and physics, held at Asbury Park on July 5 in connection with 
the meeting of the National educational association was attended 
by thirty-seven delegates representing nearly all the larger 
teachers’ associations in this field. Professor Toomas S. Fiske 
was elected chatrman, and Dr. ARTHUR SCHULTZE secretary of 
the conference. It was decided to organize a national society 
of teachers of mathematics and science and a committee was 
appointed to arrange the details of the organization. 


WHILE in this country last autumn Professor G. Darboux 
became interested in the proper reporting of articles appearing 
in American mathematical publications for the Bulletin des sci- 
ences mathématiques. Arrangements have been made by which 
the American Journal of Mathematics, the Transactions of the 
American Mathematical Society and the Annals of Mathematics 
will be regularly reviewed in Darboux’s Bulletin by Professor 
J. W. Youne, of Princeton University, Professor E. R. HEp- 
RICK, of the University of Missouri, and Dr. C. M. Mason, of 
Yale University, respectively. Articles of an original nature 
appearing in the BULLETIN will also be mentioned. Authors 
of articles in these publications will render valuable service by 
furnishing abstracts of their articles to the respective reviewers. 


TaHE following books will shortly appear from the G. J. 
Géschen’sche publishing house, Leipzig: “ Auslese aus meiner 
Unterrichts- und Vorlesungspraxis,” by Dr. H. Scuuserrt ; 
“Vorlesungen iiber photographische Optik,” by Dr. A. 
GLEICHEN ; “ Zwélf Vorlesungen iiber die Natur des Lichtes,”’ 
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by Dr. J. Ciassen ; “ Mehrdimensionale Geometrie, II. die 
Polytope (Sammlung Schubert, number 36),” by Professor P. 
H. Scuoure. 


University oF CoLorapo.—The following advanced 
courses in mathematics are announced for the academic year 
1905-1906: By Professor I. M. DeELtone: Theory of equa- 
tions, five hours; Differential equations, three hours. — By 
Dr. 8S. Epsteen: Linear algebra, three hours ; Least squares 
and theory of errors, three hours ; Mathematics of investments 
(including insurance), three hours. — By Mr. H. B. Leonarp: 
Theory of Functions, three hours. — By Miss R. L. CARsSTENs : 
History of mathematics, two hours. 


THE various foreign universities below offer courses in mathe- 
matics for the winter semester of 1905-1906 as follows : 

University OF GOTTINGEN. — By Professor F. Kier: 
Projective geometry, including non-euclidean geometry, four 
hours ; Seminar, two hours. — By Professor D. H1LBertT: In- 
troduction to partial differential equations, two hours; Me- 
chanics, four hours; Seminar, two hours. — By Professor H. 
MinkowskI : Algebraic curves and surfaces, two hours ; Theory 
of numbers, four hours ; Seminar (with Professor Hilbert), two 


calculus, II, four hours ; Graphical methods in mechanics, three 
hours. — By Professor K. ScHWARZSCHILD: Celestial me- 
chanics, IT, three hours. — By Professor W. VorctT: Elasticity 
and acousties, four hours ; Electro-optics, two hours. — By Dr. 
E. ZeERMELO: Functions of real variables, three hours. — By 
Dr. M. ABRAHAM: Maxwell’s theory and Hertzian waves, 
three hours. — By Dr. O. BLUMENTHAL: Theory of surfaces, 
three hours. — By Dr. C. HErGLotz: Minimum surfaces, two 
hours. — By Dr. C. CaraTHfopory : Continuous groups, three 
hours. 


Universiry oF Hatie.—By Professor G. Cantor: 
Theory of analytic functions, four hours; Seminar, two 
hours. — By Professor A. WANGERIN: Applications of elliptic 
functions, two hours; Theory of potential and spherical har- 
monics, four hours; Seminar, two hours. — By Professor A. 
GutzMER: Analytic mechanics, four hours ; Theory and appli- 
cations of determinants, two hours ; Seminar, two hours. — By 
Professor V. Eseruarp: Integral calculus, four hours ; with 


ee hours. — By Professor C. Runce: Differential and integral 
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exercises, one hour. — By Dr. F. Bernstern: Analytic geom- 


etry of space, two hours; Theory of differential equations, two 
hours. 


University oF InNsBrucK.— By Professor O. Sroiz: 
Differential and integral calculus of real variables, three hours ; 
Concept of complex numbers as introduction to the theory of 
functions, two hours ; Seminar, one hour. — By Professor K. 
ZINDLER : Analytic geometry of two and three dimensions, with 
exercises, seven hours. — By Professor K. MENGER: Descrip- 
tive geometry, three hours. 


Universiry or Jena. — By Professor J. THomAE: Ele- 
mentary theory of functions, four hours; Analytic geometry of 
space, four hours ; Seminar, two hours. — By (not yet 
appointed) : Integral calculus with exercises, five hours ; The- 
ory and applications of determinants, two hours ; Elements of 
the theory of numbers, two hours. — By Professor G. FREGE : 
Analytic mechanics, four hours ; Seminar, two hours. 


University or K6nicsserc.— By Professor W. F. 
Meyer: Theory of algebraic equations, four hours ; Seminar, 
one hour.— By Professor A. SCHOENFLIES : Integral cal- 
culus, four hours; with exercises, two hours. — By Professor 
L. Saauscuittrz: Introduction to algebraic analysis, four 
hours; Geometry of space, three hours; with exercises, one 


hour. — By Dr. I. Coun: Theory of potential, three hours. 


University or Municu. — By Professor G. Bauer: Sem- 
inar, two hours. — By Professor F. LInDEMANN: Differential 
calculus, five hours ; Analytic mechanics, four hours ; Seminar, 
one and one half hours. — By Professor A. Voss: Plane an- 
alytic geometry, five hours; Algebraic surfaces, four hours ; 
Seminar, two hours. — By Professor A. PrincsHErm: Elliptic 
functions, four hours; Continued fractions, two hours. — By 
Professor K.-DoEHLEMANN: Descriptive geometry, I, five 
hours ; with exercises, three hours ; Synthetic geometry, five 
hours ; with exercises, one hour. — By Professor E. v. WEBER : 
Algebra, four hours; Integral calculus with exercises, five 
hours. — By Dr. H. Bruny: Theory of aggregates, four 
hours. 


Oxrorp University. Michaelmas term.— By Professor 
W. Esson: Analytic geometry of plane curves, two hours ; 
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Synthetic geometry of plane curves, one hour. — By Professor 
E. B. Exixiorr: Sequences and series, two hours ; Elementary 
theory of numbers, one hour. — By Professor A. E. H. Love: 
Mathematical theory of electricity and magnetism, three hours. 
— By Professor H. H. Turner: Elementary mathematical 
astronomy, two hours. — By Mr. C. E. Hasetroor: Theory of 
equations, one hour.— By Mr. C. LEupEspoRF: Projective 
geometry, three hours. — By Mr. A. E. Jo“uirre: Analytic 
geometry, two hours. — By Mr. J. W. Russe: Differential 
calculus, two hours. — By Mr. B. F. McNEILe: Curve trac- 
ing, one hour.— By Mr. A. L. Pepper: Problems in pure 
mathematics, one hour.— By Mr. C. H. Sampson: Solid 
geometry, two hours. — By Mr. J. E. CAMPBELL: Differential 
equations, two hours. — By Mr. C. H. Tuompson: Integral 
calculus, two hours. 


Universiry oF Wirzsurc.— By Professor F. Prym: 
Differential calculus with introduction to higher analysis, four 
hours; Plane analytic geometry, I, four hours; Proseminar, 
two hours ; Seminar, two hours. — By Professor E. SELLING : 
Theory of algebraic equations, four hours ; Analytic mechanics, 
four hours. — By Professor G. Rost: Theory of partial differ- 
ential equations, four hours ; Thtory of invariants, four hours ; 
Analytic geometry of space, four hours ; Proseminar, six hours ; 
Seminar, two hours. 


THE Academy of sciences of Berlin held its Leibniz session 
on June 29. The Steiner prize was not awarded, but the sum 
of six thousand marks was set apart in recognition of the in- 
vestigations of the late Professor Guipo Hauck. For the 
year 1910 the Academy announces the same problem for the 
third time for the Steiner prize : 

“To solve completely any important, hitherto unsolved 
problem relating to the theory of curved surfaces, taking into 
account, so far as possible, the methods and principles evolved 
by Steiner. It is required that sufficient analytic explanations 
shall accompany the geometric investigations to verify the cor- 
rectness and completeness of the solution. Without wishing to 
limit the choice of subject, the academy takes the opportunity 
to call attention to the special problems to which Steiner has 
referred in his general remark at the end of his second paper 
on maximum and minimum in figures in a plane, on a sphere, 
and in space.” 
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Competing memoirs should be written in German, French, 
English, Italian or Latin, and must be submitted before Decem- 
ber 31, 1909, under the usual conditions. The result will be 
announced at the Leibniz session of 1910. 


THE London mathematical society has awarded the De 
Morgan prize for the present year to Dr. H. F. BaKer, for 
his work in analysis. 


THE Hungarian academy of sciences has established a new 
prize, known as the Bolyai prize, in commemoration of JoHN 
and WoLFeanG Boyar. It consists of a medal and a sum 
of ten thousand crowns. It will be awarded this fall to the 
author of the best mathematical production during the last five 
years, and at intervals of five years thereafter. The committee 
of award consists of Professors Darboux, Klein, Kénig and 
Rados ; it will meet in Budapest in October. 


Proresson W. WIRTINGER has been elected a member of 
the academy of sciences of Vienna. 


PrROFEssOR J. FRANEL, of the technical school at Ziurich, 
has been chosen director of that institution. 


Mr. E. T. WuitrakeEr, of Trinity College, Cambridge, has 
been appointed university lecturer in mathematics. 


Proressor J. E. Papperitz, of the mining academy at 
Freiberg, has been elected rector of the academy for the pres- 
ent academic year. 


Proressor C. NEUMANN, of the University of Leipzig, has 
been decorated with the red cross of the second class. 


Proressor W. Vorar, of the University of Géttingen, has 
been decorated with the order of the red cross of the third class. 


Dr. H. C. Trmerpine has been appointed professor of ap- 
plied mathematics at the University of Strassburg. 


Proressor A. GutzMER, of the University of Jena, has 
been appointed professor of mathematics at the University of 
Halle. 


Proressor L. HEFFTER, of the technical school at Aachen, 
has been appointed professor of mathematics at the University 
of Kiel. 
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Dr. O. BLUMENTHAL, of the University of Gottingen, has 
been appointed professor of mathematics at the technical school 
at Aachen. 


Dr. L. Feser has been appointed docent in analysis and 
mechanics at the University of Clausenburg. 


THE following changes have been made at the University of 
Illinois: Professor E. J. TowNsEND has been made full pro- 
fessor of mathematics and acting dean of the college of science ; 
Professor S. E. Stocum, of the University of Cincinnati, has 
been appointed to an assistant professorship of mathematics ; 
Dr. L. Nerkirk, of the University of Pennsylvania, has 
been appointed instructor in mathematics, and Mr. W. J. 
Ris.ey, of the Armour Institute, and M. C. Emmens, of Al- 
bion College, have been made assistants in mathematics. Pro- 
fessor A. G. HALL has been appointed professor of mathematics 
in Miami University, and Mr. A. H. Wriison has been ap- 
pointed associate professor of mathematics at the Polytechnic 
Institute of Alabama. 


THE College entrance examination board has appointed as 
examiners in mathematics for 1905-1906 Professor F. N. Coe, 
Professor H. S. Wxire, and Dr. ARTHUR SCHULTZE. 


Dr. D. R. Curtiss, of Yale University, has been appointed 
to an assistant professorship of mathematics at Northwestern 
University. 

At the University of Missouri, Dr. O. D. KELLoGe of 
Princeton University has been appointed to an assistant pro- 
fessorship of mathematics, and Mr. R. L. Borcer, of the 
University of Florida, to an instructorship in mathematics. 


At Northwestern University, Professor Tuomas F. 
GATE has been appointed Noyes professor of pure mathematics ; 
Mr. R. E. Witson has returned from Europe to resume his 
work as instructor in mathematics ; Dr. J. C. MorEHEAD has 
been appointed instructor in mathematics. 


At Princeton University Dr. L. P. Eisennart and Dr. W. 
GILLEsPIE have been promoted to assistant professorships of 
mathematics. Dr. O. VEBLEN, of the University of Chicago, 
and Dr. J. W. Youn, of Northwestern University, have been 
appointed assistant professors of mathematics, and Dr. O. L. 
UNDERHILL instructor in mathematics. 
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Dr. L. I. Hewes has been appointed instructor in mathe- 
matics at Yale University. 


Dr. R. B. ALLEN has been.appointed Jecturer in mathematics 
at Clark University during Professor Taber’s absence. 


Dr. S. Epsteen, of the University of Chicago, has been 


appointed instructor in applied mathematics at the University 
of Colorado. 


Proressor A. Emcu, of the University of Colorado, has 
been appointed professor of mathematics at the cantonal college 
of Solothurn, Switzerland. 


Dr. O. P. Akers has been appointed assistant professor of 
mathematics at Allegheny College, Meadville, Pennsylvania. 


RECENT catalogues of second-hand mathematical books : 
Macmillan and Bowes, 1 Trinity St., Cambridge, England, 
catalogue no. 305, 5300 mathematical pamphlets ; catalogue 
no. 302, from the libraries of Pendlebury, Spottiswoode and 
Whitehead, about 1400 titles in mathematics. — Martin Boas, 
Karltrasse 25, Berlin, catalogue no. 49, 56 titles in mathe- 
matics and geodesy. — H. R. Mecklenburg, 36 Klosterstrasse, 
Berlin, 750 titles in mathematics and geodesy. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


AmopE0 (F.). Lezioni di geometria proiettiva dettata nella r. Universita di 
Napoli. 3aedizione. Napoli, Pierro, 1905. 8vo. 14+ 456 pp. 
BacuMANN (P.). Zahlentheorie. Versuch einer Gesamtdarstellung dieser 
Wissenschaft in ihren Hauptteilen. Band V: Die allgemeine Arith- 
metik der Zahlenkérper. Leipzig, Teubner, 1905. 8vo. 22 +8 pp- 
16.00 
ea (G.). Zur projektiven Behandlung der Dreiecksg trie. 
Diss.) K6nigsberg, 1905. 8vo. 31 pp. 
ieee (G.). Principi di geometria metricae differenziale negli iperspazi. 
Melfi, Grieco, 1905. 8vo. 26 pp. 
Cain (W.). A brief course in the calculus. New York, Van Nostrand, 
1905. 8vo. 10+ 280pp. Cloth. (Van Nostrand series of stant 
1.75 
omen (G.). Calcul des triquaternions ; nouvelle analyse géométrique. 
(Thése. ) Paris, Gauthier-Villars, 1905. 4to. 122 pp. 


Crercorur (A. J. M.). Cours d’analyse. Partie IT: Calcul des différences 
et calcul des variations. Paris, 1905. 8vo. Fr. 3.50 
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DéiLE(R.). Orthogonale Invarianten der Circularkurven dritter Ordnung. 
( Diss.) Jena, 1905. 8vo. 38 pp. 

Epsteen (S.) and Leonarp (H. B.). On the definition of reducible ee, 
complex number systems. 4to. (American Journal of Mathematics 27, 
pp. 217-242). 


Fretp (P.). Quintic curves for which p=1. 4to. (American Journal of 
Mathematics 27, pp. 243-247, 10 plates. ) 


FuuRMANN (W.). Aufgaben aus der analytischen Geometrie. Kd6nigsberg, 
1905. 4to. 28 pp. 


Geruicu (P.). Ueber den Tangentenkomplex der Fliche zweiten Grades. 
( Diss.) Breslau, 1905. S8vo. 59 pp. 


Grupice (M.DEL). Sulle equazioni algebriche di grado 2n la cui risoluzione 
si riconduce alla risoluzione, mediante — di grado n, a — di 
n equazioni quadratiche. Nota Tell. Napoli, Trani, 1904. 4to. 16 
+ 16 pp. 

Hatstep (G. B.). See (D.). 

Hermite (C. Oeuvres, sous les auspices de I’ Académie des sci- 
ences par E. Picard. Vol. I. Paris, Gauthier-Villars, 1905. 8vo. 40 
+ 498 pp., portrait. Fr. 18.00 


Hizzert (D.). On the foundations of logic and arithmetic. Translated by 
G. B. Halsted. 8vo. (The Monist, July, 1905, pp. 338-352.) 


Krazer (A.). See VERHANDLUNGEN. 


Lance (D. DE). Eenige beschouwingen over enkel- en meervoudige ombili- 
caalpunten en den loop der krumtelijnen in hunne nabijheid. Amster- 
dam, 1904. 8vo. 8+ 82 pp. M. 3.00 


Leonarp (H. B.). See Epsteen (S.). 
Lrxypow (M.). See SoHnckeE (L. A.). 


MonTeEssus DE BaLiore (R. DE). Les fractions continues algébriques. 
(Thése.) Paris, Hermann, 1905. 4to. 85 pp. 


Miuier (C. H.). Studien zur Geschichte der Mathematik, insbesondere 
des mathematischen Unterrichts an der Universitit Géttingen im 18. 
Jahrhundert. Mit einer Einleitung: Ueber Charakter und Umfang 
historischer Forschung in der Mathematik. (Diss., Gottingen.) Leip- 
zig, Teubner, 1904. 8vo. 94 pp. 


Neumann (E. R.). Studien iiber die Methoden von C. Neumann und G. 
Robin zur Lésung der beiden Randwertaufgaben der Potentialtheorie. 

ig, Teubner, 1905. 8vo. 23+ 194 pp. (Preisschriften, gekrént 
herausgegeben von der Fiirstlich Jablonowskischen Gesellschaft zu 

tale, 37, No. 15 der mathematisch-naturwissenschaftlichen igor ) 


10.00 
Picarp (E.). See Hermire (C.). 


QuippE (W.). Ueber Gauss’sche Kreise auf Rotationsfliichen. (Diss. ) 
Kiel, 1905. 8vo. 85 pp. 


Satvaport (M.). Esposizione della teoria delle somme di Gauss e di alcuni 
teoremi di Eisenstein. (Tesi, Friburgo.) Pisa, 1905. 8vo. 116 pp. 


Scumat (S. M.). A first course in analytical geometry, plane aod solid, 
with numerous examples. New York, Van Nostrand, 1905. 8vo. 7 + 
318 pp. Cloth. (Van Nostrand series of text-books. ) us 75 
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Sonncke (L. A.). Sammlung von Aufgaben aus der Differential- und 
Integralrechnung. Teil II: Integralrechnung. Abteilung 1.  6te, 
verbesserte Auflage, bearbeitet und herausgegeben von M. Lindow. 
Jena, Schmidt, 1905. 8vo. 12-+ 221 pp. M. 4. 


Soucnon (A.). Sur l’intégration des équations générales de la dynamique 
ing ed et sur les principales propriétés de leurs intégrales canoniques. 
Tours, lis, 1905. 8vo. 23 pp. 


Taser (H.). On hypercomplex number systems. 4to. (Transactions of 
the American Mathematical Society, 5, pp. 509-548. 


The scalar functions of hypercomplex numbers. 8vo. (Proceedings 
of the American Academy of Arts and Sciences, 41, pp. 59-70.) 


VERHANDLUNGEN des dritien internationalen Mathematiker-Kongresses in 
Heidelberg vom 8. bis 13. Au; 1904. Herausgegeben von dem 
Schriftfiihrer des Kongresses A. Krazer. Mit einer Ansicht von Hei- 
delberg in Heliograviire und 2 Doppeltafeln. Leipzig, Teubner, 1905. 
8vo. 10+ 756 pp. M. 18.00 


VERONESE (G.). La geometria non archimedea; una questione di priorita. 
oy 1905. 8vo. (Rendiconti della r. Accademia dei Lincei 14, pp. 247- 
WieELeEITNER (H.). Bibliographie der héheren algebraischen Kurven fiir 
den Zeitabschnitt von 1890-1904. Leipzig, 1904. 8vo.53pp. M. 1.50 


Witpervanck (J. C.). De verschillende krommingen eener gewrongen 
kromme der vierdimensionale ruimte. Groningen, 1904. 8vo. fe pp. 
. 2.50 


Wutson (E. B.). On products in additive fields. 8vo. ( Verhandlungen des 
IIT. Yaga Mathematiker-Kongresses, Heidelberg, 1904, pp. 202- 
215. 


Ii ELEMENTARY MATHEMATICS. 


Amopeo (F.). Equazioni di primo grado ad una incognita. Appendice all’ 
Ariumetica particolare e generale estratta dagli Elementi di algebra 
dello stesso autore, per uso delle scuole normali e tecniche. Napoli, 


Pierro, 1904. 16mo. 31 pp. Fr. 0.30 
ArRBEs (J.). Vierstellige Logarithmen-Tafeln zum Schulgebrauche. Wien, 
Tempsky, 1905. S8vo. 36 pp. Boards. M. 0.70 


Bacuet (C. G.). Problémes plaisants et delectables qui se font par les nom- 
bres, par Claude-Gaspar Bachet, sieur de Méziriac. 4e édition, revue et 
simplifiée. Paris, Gauthier-Villars, 1905. 16mo. 170 pp. Fr. 3.50 


Batu. (W. W. R.). Mathematical recreations and essays. 4th edition. 
London, Macmillan, 1905. 12mo. 418 pp. Coth. 7s. 

Barnes (A.). See ConsTERDINE (A.). 

Borcuarpt (W.G.). Key to New trigonometry for schools. Part I. Lon- 
don, Bell, 1905. 12mo. Cloth. 5s. 

Bourtet (C.). Précis d’algébre, contenant cing cent cinquante-sept exer- 
cices et problémes rédigés conformément aux programmes du 31 mai 
1902. ieenes de seconde et premiére C et D. 2e édition. Paris, 
Hachette, 1905. 16mo. 393 pp. (Cours complet de ee) 

r. 


ConSTERDINE (A.) and BARNEs (A.). Rudiments of practical mathematics. 
London, Murray, 1905. 12mo. 348 pp. Cloth. (School eas ie 
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Corneso (H.). See GrarXo (F.). 


Curzon (H. 8. J.). Permutations and combinations made easy. London, 
Simpkin, 1905. 12mo. (Normal tutorial series. ) 6 d. 


Enric (G.). Geometrie fiir die Zwecke des praktischen Lebens. Teil I: 
Geometrie der Ebene. Leipzig, Leineweber, 1905. 8vo. 8+ 121 pp. 
Cloth. M. 2.50 


——. Geometrie fiir Baugewerkenschulen und verwandte technische und 
gewerbliche Lehranstalten, mit besonderer Beriicksichtigung der prak- 
tischen Anwendungen. Teil I: Geometrie der Ebene. Leipzig, Leine- 
weber, 1905. 8vo. 8+ 121 pp. Cloth. M. 2.50 


F. J. Complément des ‘‘ Eléments de géométrie,”” comprenant un complé- 
ment sur le déplacement des figures. 9e édition. Paris, Poussielgue, 
[1905]. 16mo. Pp. 495-525. 


Fenkner (H.). Arithmetische Aufgaben. Unter besonderer Beriicksichti- 
gung der Anwendungen aus dem Gebiete der Geometrie, Physik und 
Chemie. Fiir den Unterricht an héheren Lehranstalten bearbeitet. 
Ausgabe A: Vornehmlich fiir den-Gebrauch in Gymnasien, Realgym- 
nasien und Oberrealschulen. Teil I: Pensum der Untertertia, Ober- 
tertia und Untersekunda. Ste, verbesserte Auflage. Berlin, Salle, 1905. 
8vo. 8+ 256 pp. M. 2.20 

——. Ausgabe B: Vornehmlich fiir den Gebrauch in sechsklassigen héheren 
Lehranstalten und in Mittelschulen sowie in Seminaren und gewerblichen 
Fachschulen. 3te, verbesserte Auflage. Berlin, Salle, 1905. 8vo. 6+ 
226 pp. M. 1.65 


Fervau (H.). Eléments de trigonométrie rédigés conformément aux 
programmes de l’enseignement secondaire et de l’enseignement primaire 
supérieur, contenant cing cent cinquante-six exercices et problémes. 


Deuxiéme cycle (classes de seconde et de premiére C, D, et de mathé- 
matiques A, B). Paris, Hachette, 1905. 16mo. 288 pp. (Cours 
complet de mathématiques, par Bourlet et Ferval. ) Fr. 2.50 


Fucrst (C.). Geometria piana complementare e geometria solida per gl’ isti- 
tuti nautici. 7a edizione. Genova, 1905. 8vo. 125 pp. Fr. 1.80 


——. Geometria piana e solida per gl’istituti nautici. 7a edizione. Ge- 
nova, 1905. 8vo. 237 pp. Fr. 2.50 


Geiss (G.). Raumlehre fiir hGhere Madchenschulen und Lehrerinnensemi- 
nare. Methodisch bearbeitet. 4te Auflage, herausgegeben und neu 
bearbeitet von K. Hensing. Bensheim, Ehrhard, 1905. 8vo. 6-+ 178 
pp- Cloth. M. 2.00 


Govt (W.). Ueber einige sogenannte merkwiirdige Punkte des Dreiecks. 
(Progr. ) Liibeck, 1903. 4to. 15 pp. 


Gratrsxo (F.), Corneso (H.), Herrero (L.) y Ripera (L. pe). Tablas 
de logaritmos, con cinco cifras decimales, seguida de una tabla de cua- 
drados de los nimeros desde 1.000 hasta 9.999. Ferrol, Imp. de El 
Correo Gallego, 1905. 8vo. 144 pp. Cloth. Fr. 7.00 


GutscHE (O.). Mathematische Uebungsaufgaben fiir Primaner von Realan- 
stalten und jiingere Studierende gestellt und zum Teil mit Lésungen ver- 
sehen. Leipzig, Teubner, 1905. 8vo. 4+ 82 pp. Boards. M. 1.20 


HABERLAND (M.). Beziehungen der merkwiirdigen Punkte eines Dreiecks 
zu den Ankreismittelpunktedreiecken, Potenzpunktedreiecken und 
Gegenpunktedreiecken. Neustrelitz, Karnewitz, 1905. 8vo. pp- 

0. 
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Hau (H. S.) and Stevens (F. H.). Key to the exercises and exa 


mples 
contained in School geometry. Parts 1-4. London, Macmillan, 1905. 
12mo. Cloth. 6s. 


Hensine (K.). See (G.). 
Herrero (L.). See GrarXo (F.). 
Hourze (A.). See Késtier (H_). 


Hoitex (G.J.). Fiinfstellige Logarithmentafeln der Zahlen und der trigono- 
metrischen Funktionen, nebst den Gaussischen Additions- und Subtrak- 
tionslogarithmen und verschiedenen Hiilfstafeln. Neue, durchgesehene 


und vermehrte Ausgabe. Berlin, Prausnitz, 1905. 8vo. 46-+ 118 pp. 
Boards. M. 2.50 
Knorr (C. G.). Four-figure mathematical tables. London, Chambers, 
1905. 8vo. 24 pp. Cloth. 6d. 


KéstLerR (H.). Leitfaden der ebenen Geometrie fiir héhere Lehranstalten, 
neu herausgegeben von A. Holtze. 2tes Heft: Lehre vom Flachen- 


inhalt, Konstruktionslehre. 4te, teilweise umgearbeitete Auflage. Halle, 
Nebert, 1905. 8vo. 49rp. Roards. 


Kress (A.). Allgemeine Arithmetik in elementarer Darstellung, fiir den 
Mittelschul- und Selbstunterricht in entwickelnder Lehrform bearbeitet. 
Heft I. Bern, Baumgart, 1905. 8vo. 3-+-79 pp. M. 1.40 


Kutnewsxky (M.). See (H.). 


Mackay (J.S.). Plane geometry, practical and peceatetel. Books 1-5. 
London, Chambers, 1905. 12mo. 388 pp. Cloth. 3s. 6d. 


Marsu (W. R.). Elementary algebra. New York, Scribner, 1905. 12mo. 
7+ 395 pp. Cloth. (Marsh and Ashton mathematical series.) $1.00 


Marx (E.). Ueber winkelhalbierende Linien des Dreiecks. (Progr. ) 
Friedland, 1905. 4to. 17 pp. 


(J. F.). See Stove (J. C.). 


MULier (H.) und Kutnewsky (M.). Sammlung von Aufgaben aus der 
Arithmetik, Trigonometrie und Stereometrie. Ausgabe A: Fiir Gymna- 
sien und Progymnasien. TeilI. 3te Auflage. Leipzig, Teubner, 1905. 
8vo. 7+ 237 pp. Cloth. M. 2.20 


Murray (D. A.). Plane trigonometry for colleges and secondary schools. 
ve Spherical trigonometry for colleges and secondary schools. New 
ork, Longmans, 1905. 12mo. 13+ 212+9+95 pp. Cloth. $1.20 


- Practical mathematics, including solution of triangles, ‘measurement 
of areas, heights and distances, the use of logarithms, plotting of graphs, 
and finding the slopes of curves, with four-place tables. New York, Long- 
mans, 1905. 8vo. 10-4113 pp. Cloth. $0.75 


Payne (E. L.). Payne’s natural methods in algebra ; for district schools, 
high schools, and normal schools. Topeka, Kan., Crane, 1965. 12mo. 
11+ 176 pp. Cloth. $0.60 


Porcuon (P.). Legons de mathématiques conformes aux programmes du 31 
mai 1902, pour les classes de philosophie A et B et pour les futurs éléves 
du P. C. N. Paris, Alcan, 1905. 16mo. 8+ 308 pp. Cloth. 


Fr. 3.50 


Rankin (A. R.). An argument in symbols illustrating algebraic factoring 
by explanations of problems. Chicago, Flanagan Company, [1905]. 
12mo. 24 pp. $0.15 
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Rex (F. W.). Vierstellige Logarithmen-Tafeln. Schul-Ausgabe. 2te 
Auflage. Stuttgart, Metzler, 1905. 8vo. 2+ 29 pp. M. 0.60 


Ribera (L. DE). See GrartXo (F.). 


Saxetsy (F. M.). A course in practical mathematics. London, Long- 
mans, 1905. 8vo. 450 pp. Cloth. 6s. 6d. 


SHort (R. L.). Supplementary algebra. Boston, Heath, 1905. 12mo. 


45 pp. (Heath’s mathematical monographs. ) $0.10 
oe. (D. E.). Algebraical grounding. London, Rivingtons, 1905. 
12mo. 1s. 


Srevert (H.). Lehrbuch der Elementar-Geometrie zum Gebrauche an 
Mittelschulen und beim Selbstunterrichte. Teil I: Geometrie der 
Ebene. Abteilung I: Kongruenz, Gleichheit und Aehnlichkeit ebener 
Figuren. 2te Auflage. Leipzig, Deichert, 1905. 8vo. 


Srevens (F. H.). See Haut (H. S.). 


Stone (J. C.) and Miuis (J. F.). Essentials of algebra ; complete course : 
an adequate preparation for the college or technical school ; for secondary 
schools. Boston, Sanborn, 1905. 12mo. 412 pp. 

1.1 


Tureme (H.). Leitfaden der Mathematik fiir Gymnasien. Teil I: Die 
2te Auflage. Leipzig, Freytag, 1905. 8vo. PP. 
oth. 


——. Leitfaden der Mathematik fiir Realanstalten. Teil I: Die Unterstufe. 
2te Auflage. Leipzig, Freytag, 1905. 8vo. 128 pp. Cloth. M. 1.60 


TuRNBULL (V. M.). Elementary plane geometry. London, Blackie, 1905. 
12mo. 136 pp. Cloth. 2s. 


WELL (G. J. VAN DE). lossingen der wiskundige opgaven van examen 
B der Polytechnische School te Delft; met nieuwe opgaven. Deel I: 
Vraagstukken over Bl. 2te druk. Deventer, 1905. 8vo. 185 Pr sian 


Witson (E. B.).. Seven lectures on spherical metry. Reprinted from 
The American Mathematical Monthly, 1904. [Yale Codperative Associa- 
tion.] 8vo. 34 pp. $0.35 


ZerzscHe (K. E.). Ebene und riumliche Geometrie. 4te, vermehrte und 
verbesserte Auflage, bearbeitet von F. Zetzsche. Leipzig, Weber, 19095. 
12mo. 12+408 pp. Cloth. (Weber’s illustrierté 


Ill. APPLIED MATHEMATICS. 


Acer (P. R.). The elastic strength of guns. Annapolis, Md., Alger, 
1904. 12mo. 180 pp. Cloth. $1.50 


ANDREESEN (H.). Beschreibung und Theorie eines neuen Apparats zur 
Registrierung der Vertikal-Intensitats-Variationen des Erdmagnetismus. 
(Diss.) Kiel, 1905. 8vo. 44 >pp., 1 plate. 

Braun (F.). Ueber drahtlose Telegraphie und neuere physikalische Forsch- 
ungen. Strassburg, 1905. 8vo. M. 1.20 


Car.ier (J.G.). Les méthodes et appareils de mesure du temps, des dis- 
tances, des vitesses et des accélérations. Vol. I. Bruxelles, 1905. 8vo. 
3+ 274 pp. Fr. 6.00 
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Donapr (A.). Lehrbuch der Mechanik in elementarer Darstellung fiir tech- 
nische Mittelschulen und héhere Lehranstalten, insbesondere zum Selbst- 
unterrichte, mit Riicksicht auf die Zwecke des praktischen Lebens. Als 
5te Auflage der Einleitung in die Mechanik von H. B. Liibsen bearbeitet. 
Leipzig, Brandstetter, 1905. 8vo. 8+ 615 pp.” M. 9.00 


Ferris (C. E.). Elements of “snag peg geometry. New York, American 
Book Company, [1905]. 8vo. 7+ 127 pp. Cloth. $1.25 


Gericke (E.). Die Bewegung eines Massenpunktes unter dem Einfluss 
einer durch einer variable Strecke dargestellten Kraft. (Progr.) Fiir- 
stenwalde, 1905. 8vo. 36 pp. 


Haser (F.). Thermodynamik technischer Gasreaktionen. Sieben Vorle- 
sungen. Miinchen, Oldenbourg, 1905. 8vo. 15+ 296 pp. Po: 3 
- 10.00 


HassensTEIn (W.). Neue Bearbeitung von William Herschels Beobach- 
a" der inneren Saturnmonde (1789). (Diss.) Kénigsberg, 1905. 
to. 35 pp. 


Hvuycens (C.). Oeuvres complétes, publiées par la Société hollandaise des 
sciences. Vol. X: Correspondance 1691-1695. La Haye, 1905. 4to. 
815 pp. Fr. 30.00 

Izzx (G.). Corso elementare di proiezioni e prospettiva, compilato per gli 
istituti tecnici, le scuole normali, tecniche e 
Brangi, 1905. 8vo. 79 pp. Fr. 1.75 


JAHNKE (E.). Vorlesungen iiber die Mit Anwen- 
dungen auf Geometrie, Mechanik und mathematische Physik. Leipzig, 
Teubner, 1905. 12mo. 12+ 236 pp. Cloth. M. 5.60 


Jepson (G.). Cams and the principles of their construction. Cambridge, 
Mass., University Press, 1905. 8vo. 59 pp. Cloth. $1.50 


Krijcer (L.). Ueber die bedingten Beobachtungen in 
zwei Gruppen. Leipzig, Teubner, 1905. 4to. 4+ 24 pp. (Veroffent- 
lichung des k. Preussischen Geoditischen Instituts, neue Folge, No. 
18.) M. 1.60 

‘Lesianc (H.). Mecdnica practica, Los mecanismos. Tratado elemental 
de cinemitica aplicada. Versién castellana por M. Zerolo. Paris, 
Garnier, [1905]. 16mo. 448 pp. 


LéscuNner (H.). Ueber Sonnenuhren. Beitriige zu ihrer Geschichte und 
Konstrucktion, nebst Aufstellung einer Fehlertheorie. Graz, Leuschner 
& Lubensky, 1905. 8vo. 155 pp. M. 5.00 


Lorentz (H. A.). Ergebnisse und Probleme der Elektronentheorie. Vor- 
trag. Berlin, Springer, 1905. 8vo. 62 pp. M. 1.50 


Lorenz (R.). Die Eigenschwingungen rotierender Stibe. (Diss.) Jena, 
1904. 8vo. 53 pp. 


Lissen (H. B.). See Donapr (A.). 


Marcotonco (R.). Meccanica razionale. 2 volumi. Milano, 1905. 
12mo. 283 and 240 pp. Fr. 6.50 

MEINECKE (W.). Ringférmige Gleichgewichtsfiguren rotierender Fliissig- 
keitsmassen bei Anziehung durch einen Zentralkérper. ( Diss.) Halle, 
1905. 8vo. 34 pp. 


Moret (A.). See TepEsco (N. DE). 
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Morey (A.). Mechanics for engineers. Text-book of intermediate 
ard. London, Longmans, 1905. 12mo. 294 pp. Cloth. 


Nixa (L.). La teoria del lotto di stato. Torino, 1905. 8vo. 352 ee sas 


(W.). Elektrische Kraftiibertragung. Leipzig, Hirzel, 
8vo. 8 +- 386 pp., 4 plates. M. 16.00 


Prane (C.). Untersuchung der Bewegung eines schweren Rotationskér- 
pers, besonders unter der Voraussetzung, dass ein Punkt der Achse 
gezwungen ist, sich auf einer festen horizontalen Ebene zu bewegen, und 
dass die Rotationsgeschwindigkeit sehr gross ist. (Progr.) Charlotten- 
burg, 1905. 4to. 15 pp. 


Ricur (A.). Il moto dei ioni nelle scariche elettriche. 2a edizione, me 
ata. Bologna, 1905. 8vo. Fr. 


Rout (E. J.). Advanced part of a treatise on the dynamics of a system ~ 
rigid bodies. Part 2 of a treatise on the whole subject. With numerous 
6th edition. London, Macmillan, 1905. 8vo. 498 pp 

loth 


ScuMEnL (C.). Elemente der sphirischen Astronomie und der mathema- 
tischen Geographie. Nebst einer Sammlung geléster und ungeléster 
Aufgaben mit den Resultaten der ungelésten Aufgaben. Zum Gebrauche 
an héheren Lehranstalten und zum Selbststudium bearbeitet. Giessen, 
Roth, 1905. 12mo. 112 pp. Cloth. M. 1.60 


Sturm (J.). Die Kirchhoff’sche Formel iiber Schallgeschwindigkeit in 
Rohren. (Diss.) Bonn, 1904. 8vo. 33 pp. 


Tepesco (N. de) et Moret (A.). Traité théorique et pratique de la résis- 
tance des matériaux, appliquée au béton et au ciment armé. Paris, 
Béranger, 1904. 8vo. 8+ 640 pp. 


TueEn (K.). Die bayerischen Kartenwerke in ihren mathematischen Grund- 
lagen. Miinchen, 1905. 8vo. 8-+ 192 pp., 5 charts. M. 4.80 


Twetvetrees (W. N.). A treatise on the theory and practice of reinforced 
concrete construction. With numerous illustrations, diagrams, and 
tables. New York, Macmillan, 1905. 8vo. 12+ 218 pp. ts 


Witpa. Diagramm- und Flichenmesser. Vollstindiger Ersatz fiir das 
Planimeter zum schnellen und genauen Ausmessen beliebig begrenzter 
usw. (Ein Blatt auf Zelluloid.) Mit 
Geb Hannover, Jiinecke, [1905]. 8vo. M. 2.00 


ZEROLO (M.). See 
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